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The weak form of the
Helmholtz equation:

Finite-element assembly
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Solving the Helmholtz equation in Python using Firedrake

from firedrake import *

# Read a mesh and define a function space
mesh = Mesh('filename')
V = FunctionSpace(mesh, "Lagrange", 1)

# Define forcing function for right-hand side
f = Expression("- (lmbda + 2*(n**2)*pi**2) * sin(X[0]*pi*n) * sin(X[1]*pi*n)",
               lmbda=1, n=8)

# Set up the Finite-element weak forms
u = TrialFunction(V)
v = TestFunction(V)

lmbda = 1
a = (dot(grad(v), grad(u)) - lmbda * v * u) * dx
L = v * f * dx

# Solve the resulting finite-element equation
p = Function(V)
solve(a == L, p)

Unified Form Language (UFL) from the FEniCS project to describe weak form of PDE

∇v ⋅ ∇u − λvu dV = vf  dV∫Ω ∫Ω
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— fenicsproject.org“  The FEniCS Project is a collection of free software for automated, efficient
solution of differential equations.
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— fenicsproject.org

— firedrakeproject.org

“  The FEniCS Project is a collection of free software for automated, efficient
solution of differential equations.

“  Firedrake is an automated system for the portable solution of partial
differential equations using the finite element method (FEM).
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The Firedrake/PyOP2 tool chain
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Two-layered abstraction: Separation of concerns
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Parallel computations on
unstructured meshes with PyOP2
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Scientific computations on unstructured meshes
Independent local operations for each element of the mesh described by a kernel.
Reductions aggregate contributions from local operations to produce final result.

PyOP2
Domain-specific language embedded in Python for data parallel computations
Efficiently executes kernels in parallel over unstructured meshes or graphs
Portable programmes for different architectures without code change
Efficiency through runtime code generation and just-in-time (JIT) compilation
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PyOP2 Sets:
nodes (9 entities: 0-8)
elements (9 entities: 0-8)
PyOP2 Map elements-nodes:
elem_nodes = [[0, 1, 2], [1, 3, 2], ...]
PyOP2 Dat on nodes:
coords = [..., [.5,.5], [.5,-.25], [1,.25], ...]

9 / 37



Mesh topology
Sets – Mesh entities and data DOFs
Maps – Define connectivity between
entities in different Sets

Data
Dats – Defined on Sets (hold data,
completely abstracted vector)
Globals – not associated to a Set
(reduction variables, parameters)
Consts – Global, read-only data

Kernels / parallel loops
Executed in parallel on a Set
through a parallel loop
Read / write / increment data
accessed via maps

Linear algebra
Sparsity patterns defined by Maps
Mat – Matrix data on sparsities
Kernels compute local matrix –
PyOP2 handles global assembly

PyOP2 Data Model
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PyOP2 Sets:
nodes (9 entities: 0-8)
elements (9 entities: 0-8)
PyOP2 Map elements-nodes:
elem_nodes = [[0, 1, 2], [1, 3, 2], ...]
PyOP2 Dat on nodes:
coords = [..., [.5,.5], [.5,-.25], [1,.25], ...]
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PyOP2 Architecture
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PyOP2 Device Data Management
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PyOP2 Kernels
& Parallel Loops
Kernels:

"local view" of
the data
sequential
semantics

Parallel loop:

use access
descriptors to
generate
marshalling
code
pass "right data"
to kernel for
each iteration
set element

Kernel for computing the midpoint of a triangle
void midpoint(double p[2], double *coords[2]) {
  p[0] = (coords[0][0] + coords[1][0] + coords[2][0]) / 3.0;
  p[1] = (coords[0][1] + coords[1][1] + coords[2][1]) / 3.0;
}

PyOP2 programme for computing midpoints over the mesh
from pyop2 import op2
op2.init()

vertices = op2.Set(num_vertices)
cells = op2.Set(num_cells)

cell2vertex = op2.Map(cells, vertices, 3, [...])

coordinates = op2.Dat(vertices ** 2, [...], dtype=float)
midpoints = op2.Dat(cells ** 2, dtype=float)

midpoint = op2.Kernel(kernel_code, "midpoint")

op2.par_loop(midpoint, cells,
             midpoints(op2.WRITE),
             coordinates(op2.READ, cell2vertex))

Kernels as abstract syntax tree (AST), C string or Python function
(not currently compiled!)
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Generated sequential code calling the midpoint kernel
// Kernel provided by the user
static inline void midpoint(double p[2], double *coords[2]) {
  p[0] = (coords[0][0] + coords[1][0] + coords[2][0]) / 3.0;
  p[1] = (coords[0][1] + coords[1][1] + coords[2][1]) / 3.0;
}

// Generated marshaling code executing the sequential loop
void wrap_midpoint(int start, int end,
                   double *arg0_0, double *arg1_0, int *arg1_0_map0_0) {
  double *arg1_0_vec[3];
  for ( int n = start; n < end; n++ ) {
    int i = n;
    arg1_0_vec[0] = arg1_0 + (arg1_0_map0_0[i * 3 + 0])* 2;
    arg1_0_vec[1] = arg1_0 + (arg1_0_map0_0[i * 3 + 1])* 2;
    arg1_0_vec[2] = arg1_0 + (arg1_0_map0_0[i * 3 + 2])* 2;
    midpoint(arg0_0 + i * 2, arg1_0_vec);  // call user kernel (inline)
  }
}
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Generated OpenMP code calling the midpoint kernel
// Kernel provided by the user
static inline void midpoint(double p[2], double *coords[2]) {
  p[0] = (coords[0][0] + coords[1][0] + coords[2][0]) / 3.0;
  p[1] = (coords[0][1] + coords[1][1] + coords[2][1]) / 3.0;
}

// Generated marshaling code executing the parallel loop
void wrap_midpoint(int boffset, int nblocks,
                   int *blkmap, int *offset, int *nelems,
                   double *arg0_0, double *arg1_0, int *arg1_0_map0_0) {
  #pragma omp parallel shared(boffset, nblocks, nelems, blkmap) {
    int tid = omp_get_thread_num();
    double *arg1_0_vec[3];
    #pragma omp for schedule(static)
    for ( int __b = boffset; __b < boffset + nblocks; __b++ ) {
      int bid = blkmap[__b];
      int nelem = nelems[bid];
      int efirst = offset[bid];
      for (int n = efirst; n < efirst+ nelem; n++ ) {
        int i = n;
        arg1_0_vec[0] = arg1_0 + (arg1_0_map0_0[i * 3 + 0])* 2;
        arg1_0_vec[1] = arg1_0 + (arg1_0_map0_0[i * 3 + 1])* 2;
        arg1_0_vec[2] = arg1_0 + (arg1_0_map0_0[i * 3 + 2])* 2;
        midpoint(arg0_0 + i * 2, arg1_0_vec);  // call user kernel (inline)
      }
    }
  }
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PyOP2 Backend Selection

opencl.pyOpenCL backend
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Why OP2 is not enough
Static analysis at compile time: "Synthesis is easy, analysis is hard!"
No object introspection, attributes needs to be explicit in code
User code compiled for a specific backend, linked against runtime library

adt_calc kernel in the OP2 Airfoil example application:

op_par_loop(adt_calc,"adt_calc",cells,
            op_arg_dat(p_x,   0,pcell, 2,"double",OP_READ ),
            op_arg_dat(p_x,   1,pcell, 2,"double",OP_READ ),
            op_arg_dat(p_x,   2,pcell, 2,"double",OP_READ ),
            op_arg_dat(p_x,   3,pcell, 2,"double",OP_READ ),
            op_arg_dat(p_q,  -1,OP_ID, 4,"double",OP_READ ),
            op_arg_dat(p_adt,-1,OP_ID, 1,"double",OP_WRITE));

adt_calc kernel in the PyOP2 Airfoil example application:

op2.par_loop(adt_calc, cells,
             p_x(op2.READ, pcell),
             p_q(op2.READ),
             p_adt(op2.WRITE))
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Finite-element computations
with Firedrake
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Firedrake vs. DOLFIN/FEniCS tool chains
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